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The Interdigitated Three-Strip Coupler

S.M. PERLOW, SENIORMEMBER,IEEE,ANDA. PRESSER,
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Abstract —A generafdesignprocednrefor three-strip interdlgitated con-
plers with arbitrary coupling vrduesis presented.These results are then
applied, for various coupling values,to both Wripline and microstrip media
to check the physicaf realizability. The dimensionsof the coupler can be
substantially affected by aflowing a small degreeof impedancemismatch-
ing.

1. INTRODUCTION

Interdigitated three-line microstnp couplers have been de-
scribed in the literature [1], [2]. Their dimensions were arrived at
in a form which required rather complicated mathematical
manipulations and optimization techniques. The approach taken
here is to develop the capacitance matrix for the generalized
three-line interdigitated coupler. Using this math, the parame-
ters required to provide any degree of coupling in any type of
media (inhomogeneous microstrip or homogeneous stnpline) are
easily derived.
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Fig, 1, Unequal width two-fine coupler.

II. ASYMMETRICALCOUPLEDLINES IN HOMOGENEOUS
MEDIA

The construction of three-line couplers generally requires
knowledge of the electrical characteristics of asymmetrical cou-
pled lines. Cnstal introduced the concept of unequal odd-mode
and even-mode admittances for each individual line of a set of
coupled lines of unequal widths in a homogeneous media [3], The
electrical characteristics of the coupled-line directional coupler
are completely specified by either the capacitances per unit length
or the odd and even mode admittances. The relationship between
the coupler parameters, the coupling ratio and terminating admit-
tances, and the line parauneters as developed by Cristal are
summarized in the following discussion.

Fig. 1 shows the coupler formed by line a and line b, both of

which have an electrical length of ninety degrees. The odd and
even mode admittances of each line are related to the per unit
length mutual capacitance Cab and the self capacitances C. and
C~. These admittances are also related to the voltage coupling
coefficient k and the respective terminating admittances G. and

Gb. The odd and even mode admittances can be expressed as

line a

(1)

(2)

(3)

in which u is the velocity clf propagation in the line media. Mso

note that Yj:) is the odd-mlode admittance of line a with respect
to line b and Y~~) is the odd-mode admittance of line b with
respect to line a. If the width of each line in Fig. 1 were made
equal, the coupler becomes symmetric with equal self capaci-
tances C and equal terminating admittances GO.

III. THE THREE-LINE COUPLERIN HOMOGENEOUSMEDIA

The general three-line coupler is formed by lines 1, 2, and 3 as
shown in Fig. 2 together with the self and mutual capacitance
representation. Lines 1 and 3 are tied on both ends to form a
four-port coupler structure. For the same desired coupler perfor-
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Fig. 2. Three-line coupler,

mance parameters k, G., and G~, the three-line asymmetric
coupler and the two-line asymmetric coupler must have identical
capacitance matrices. Therefore, the sum of the self capacitances
of lines 1 and 3 must be equal to the self capacitance C~ of the
wider line of the two-line case, and the sum of the new coupling
capacitances must equal the two-line coupling capacitance Cab

c1+c3=ch (5)

Clz+ c~~= cab (6)

Cz=ca. (7)

The odd- and even-mode admittances for each pair of lines may
be expressed in terms of the coupling ratio and terminal admit-
tances. The additional assumption that the widths of line 1 and of
line 3 are equal simplifies mathematical expressions and physical
realizability but does not reduce generality, thus, by direct sub-

stitution of (l)–(4), (7), and

C1=C3=+

(8)

(9)

we obtain

Ga– k-
y(l) = y(3)= 5 =

oe oe 2
(lo)

243

Vcb Ga+ k=
y(l) = y;:)= llcab + y =

00 (11)
2ds

(12)

(13)

Equations (10)-(13) establish the required line parameters needed
to produce a three-line coupler with an arbitrary degree of
coupling. When equating the capacitance matrix of an electrically
symmetric two-line coupler, the equivalent three-line coupler will
also be electrically symmetric (Ga = Gb).

With the aid of (10)-(13), the line admittances for a 3-dB
coupler with G. = G~ = GOin a 50-fil system (GO= 20 mS) were
calculated as

Yj~) = Yj~) = 4.134 mS (14)

Y~~)= 8.272 mS (16)

Y# = 28.316 mS. (17)
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Fig. 3 Gain response of 3-dB three-line coupler.
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Fig. 4. Mode admittances of three-line coupler for arbitrary coupling ratios.

The performance of the coupler with these line parameters was
checked by using a generaf linear circuit analysis program called
ANA, which is capable of analyzing multiconductor-coupled-line
circuits, as well as lumped-element RLC networks [4]. The calcu-
lated gain response is shown in Fig. 3. The input and output
VSWR were unity at all ports and the isolation was in excess of
60 dB.

The odd- and even-mode admittances for arbitrary amounts of
coupling for the case in which Go= G~ = GOcan be calculated in
a similar manner. Fig. 4 shows a plot of the odd- and even-mode
admittances normalized to the couplers characteristic admittance
GOas a function of coupling values in decibels.

IV. MISMATCHEDCOUPLERS

In many cases, the desired coupling ratio and terminating
admittances along with the physical dimensions of the substrate
require line and gap widths which are unrealistically narrow.
Here it will be shown that a small allowable mismatch at each
port increases both the even-mode admittance of the end line and
the resulting physicaf dimensions.

The VSWR at all ports will be the same if

(18)
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TABLE I
A SUMMARYOFLINE PARAMETERS

MEDIA ELECTRICAL SYMMETRY ADMITTANCES mocIE CONSTANTS

Inhoraogeneous non-sym Yca Ycb Ypa Ypb Kc Tp Rc R

Homogeneous non-sym Yca Ycb Ypa Ypb TXRC -Rc

Yea Yeb Yoa Yob aE 1-1

Inhor. ogeneous s ym Ye Ye Yo Yo 6e 60 1 -1

Homogeneous Sym Ye Ye Yo Yo Bs l-1

TABLE II
DI~NSIONSFORc= 10 MICROSTWP

Coupl (1) (1) (2) (2)
dB W1/H W21H sl/H Yc YP Yc YP Rc R p Gc ~P

-.--------.--——

2.7 .006 0.751 0.009 .000 14.27 10.83 >IE6 1.381 -.000 7.973 5.994
3.0 017 0.798 0.022 .140 14.25 11.12 1135 1.398 -.009 7.969 5.836
6.0 :063 1.097 0.183 2.16 12.12 13.74 77.06 1.620 -.09;1 8.046 5.563
8.34 .082 1.165 0.363 3.35 11.33 15.20 51.41 1.803 -.122
10. .092

7.817 5.516
1.185 0.510 4.16 10.98 16.01 42.27 1.917 -.136 7.664 5.5o3

20. . 134 1.200 1.650 7.62 10.22 18.68 25.07 2.428 -.168 7.181 5.596

in which

(19)

The odd- and even-mode line admittances can be expressed in
terms of allowable VSWR

y(l)=yw=G~(r-k)oe oe
24CP

(20)

(21)

(22)

(23)

Even though the coupling is not affected by the mismatch, the
power transmitted to the two-output ports and the isolation are
slightly moclified.

V. CONSIDERAmONSOFPHYSICALREALIZABILITY

The ability to fabricate a two-line 3-dB coupler in microstnp
with standard thin-film lithography is marginal. In applications
requiring a coupling range between 3 and 6 dB, the three-line-
coupler design provides more easily realizable physicaf dimen-
sions.

The relationship between the physical characteristics of asym-
metric coupled lines (width, spacing, dielectric constant, etc.) and
their electrical properties have been investigated using many
approaches [5]–[9]. The technique used by Bedair, which seems to
be the simplest both mathematically and conceptually, providei
excellent results [10]. This technique derives the total self and
mutual capacitance of each line by first calculating their compo-
nent capacitances. The expression for each of the component
capacitances as derived by conformal mapping or empirical tech-
niques by previous investigators have been used. The results are
closed-form solutions for both coupled stnpline and microstrip
lines of unequal widths. Here the physical line dimensions for the
three-line coupler are arrived at by adapting this technique to the
three-line case.

The electrical parameters of coupled asymmetric fines in an
inhomogeneous media (e.g., microstrip) cannot be accurately

specified using odd- and even-mode characteristics, except for

some specific cases. In general, they can be represented by two
orthogonal modes called the pi and c modes [11]. Table I indi-
cates under what conditions the use of pi and c modes or odd and
even modes are appropriate. Note that the different modes have
different velocities, characterized by the propagation constants,
only in the inhomogeneous case. It is also important to realize
that electrical symmetry is not the same as physical symmetry
with the exception of the simple two-line case. When three lines
are being considered and they are all of equal widths, the fringing
capacitance on the outside edge of the end lines differs from the
fringing capacitance between the lines, resulting in electrical

asymmetry even though there exists physical symmetry.
It is interesting to note that, for the case of homogeneous

asymmetric lines, an exanqple of which is the three-line coupler in
stripline, the line parameters may be expressed in pi–c- mode
form or even–odd mode form. They are electrically equivalent.

The coupler design procedure consists of first calculating the
odd- and even-mode line iidmittancesof all lines for the desired
coupling ratio. In the inhomogeneous case, the odd- and even-
mode parameters represent the equivalent pi and c mode parame-
ters, as if the propagation constants for each mode were the same.
Bedair’s method is then adapted to obtain the physical dimefi-

sions, and in the case of microstrip, the c and pi mode parame-
ters.

This technique was used to calculate the physical dimensions
for 50-Q matched couplers with cdiupling values ranging between
2.7 and 6 dB for a microstrip configuration on a substrate having
a dielectric constant of 10. These values, along with the calculated
pi and c mode line parameters, are shown in Table II. The
dimensions for coupling values around 3 dB are very difficult to
achieve with small dielectric heights. Practical production limits
for thin-film lines and gaps on alumina substrates are about 1
roil. For a 3-dB coupler on. a 25-roil substrate, the line widths are
0.43 mil and the gap spacing is 0.55 roil. These dimensions still
pose a realization problem. Allowing a slight mismatch will
overcome this problem.

Equations (20)–(23) were used in calculating the coupler di-
mensions for a 2.7- and 3-dB coupler. These dimensions as a
function of allowable V~WR are shown in Figs. 5 and 6 for the
2.7- and 3.O-dB couplers, respectively. This range of coupling
covers all nominal 3-dB couplers with bandwidths up to an
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Fig 6 Dimensions for the mismatched 3,0-dB coupler.

TABLE III
RESPONSEOFTHE2.7-df3COUPLER

Reflect~on Coefficient
Freq(g Hz) Direct (dB) Coupled Isolated line a line b

4.5 -2.74
5.0 -2.98

5.5 -3.17
6.o -3.30

6.5 -3.37

6.75 -3.38
7.0 -3.37
7.5 -3.31
8.0 -3.19
8.5 -3.01

9.0 -2.77

-69.0
-74.2

-79.1
-83.8

-88.4
-90.8
-93.1

-97.7
-102.0
-107.0
-113.0

-3.40
-3.13

-2.95
-2.83

-2.77
-2.76
-2.76

-2.81
-2.92

-3.10
-3.36

22.0 -30.9 -178 .098 6 .077 -138
16.9 -30.9 180 .099 0 082 -143
12.1 -30.8 179 .099 -6 :087 -147

7.5 -30.6 179 .099 -12 .091 -151
3.0 -30.2 180 098 -18 094 -155
0.8 -29.9 -180 :097 -22 :096 -157

-1.5 -29.6 -179 .096 -25 098 -159
-6.0 -28.7 -178 .093 -32 :102 -162

-10.5 -27.6 -178 .090 -40 106 -165
-15.3 -26.3 -178 .086 -50 :111 -169
-20.3 -24.9 180 .081 -61 .116 –173

TABLE IV
RESPONSEOFTHE2.7-dB COUPLERASSUMINGEQUALMODE VELOCITIES

Reflect~On Coefficient

Freq(g Hz) Direct (dB) Coupled Isolated line a line b

4.5 -2.76 -68.7 -3.34 21.3 -65.3 133 085 21 084 -159

5.0 -3.00 -73.7 -3.08 16.3 -65.3 123 :087 16 :086 -164
5.5 -3.19 -78.5 -2.90 11.5 -65.3 113 .089 12 0ss -168

6.0 -3.32 -B3.2 -2.79 6.8 -65.3 104 .090 7 :090 -173

6.5 -3.38 -87.7 -2.73 2.3 -65.3 95 .091 2 .090 -178

6.75 -3.39 -90.2 -2.73 -.2 -65.3 89 091 0 090 -178

7.0 -3.38 -92.3 -2.73 -2.3 -65.3 B5 :091 -2 :090 177

7.5 -3,32 -96.8 -2.79 -6.8 -65.3 76 090 -7 .090 173

B.O -3.19 -101.0 -2.90 -11.5 -65.3 67 :089 -11 .088 169

8.5 -3.00 -106.0 -3.08 -16.3 -65.3 57 . 087 -16 .086 164

9.0 -2.76 -111.0 -3.34 -21.3 -65.3 47 . 0B5 -21 .084 159

octave. Fig. 5 indicates that the gap spacing is the smallest for a
2.7-dB coupler and to achieve a l-roil spacing on 25-roil substrate
the allowable VSWR must be on the order of 1.3:1. By increas-
ing the thickness to 50 roils, the allowable VSWR reduces to
1.07:1 for the same spacing of 1 roil. The 3-dB coupler reaches a
l-roil-wide line and gap at nearly the same value of allowable
VSWR (1.12:1 to 1.14:1) on a 25-roil substrate.

The dimensions for a 2.7-dB coupler with a 1.2:1 VSWR were
obtained from Fig. 5 and were used to calculate the pi and c
mode parameters from [10]. The parameters were applied in
ANA to obtain the response of this coupler from 4.5 to 9.0 GHz.
The results are shown in Table III. The phase difference between
outputs is 90° at band center but is 93° at the low end and 910 at
the high end. The reflection coefficients at each port should be

resonant at the band center, 6.75 GHz. Instead, the input and

direct port resonance shifted downward to 5 GHz, and the
resonance on the coupled port shifted above the upper band
edge. The isolation dropped to 31 dB at’4 GHz and only 25 dB at
9.5 GHz.

All these effects are due to the different propagation constants
of the pi and c modes and not the fact that the coupler was
designed for a 1.2:1 VSWR. This can be seen by comparing the
values in Table III to those in Table IV, which were calculated
with equal propagation velocities for both modes.

VI. CONCLUSIONS

A simple derivation for the admittance parameters of the
three-line coupler by means of a capacitance matrix approach
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was shown. The relationship between physical dimensions and [4]

the capacitances per unit length of the line was used to obtain the [5]
required line spacings and widths for any arbitrary coupling
ratio, It was shown that, for coupling ratios around 3 dB, the
dimensions for a perfectly matched coupler are not always easily

[6]

realizable, but by allowing a small mismatch the dimensions
become more reasonable.

[7]

[8]
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Letters

Correction to “Coaxial Transmission Lines, Related

Two-Conductor Transmission IJnes, Connectors, and

Component A U.S. Historical Perspective”

JOHN H. BRYANT, FELLOW,IEEE

While revising and editing the above paper, Fig. 5 was inad-
vertently duplicated. The result of this oversight can be seen on
p. 980, where the illustrations for Figs. 4 and 5 are the same. The
intended Fig. 4, with its caption, is shown below.

Manuscript received August 8, 1984.
The author is an electronics and management consultant, living at 1505

Sheridan Dr., Arm Arbor, MI 48104,
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4,416,505 Nov. 22,1983 establisha Braggangle at exposurewhich will be tdted to the proper angle
after swelling in order to maximrze the diffraction efficiency of the element at

Method for Making Holographic Optical Elements
the ongimd reference beam angle

with High Diffraction Efficiencies 4 Claims, 6 Drawing Figures

Inventor: LeRoy D. Dickson.
Assignee: Irrternatlonal Business Machines

Corporation.
Filed: Oct. 26, 1981.

Abstract —Production quantities of a multi-element holographic scanner disc
are made by optically replicating a silver hafide master disc one element at a
time in a dichromated gelatin fdm. The dichromated gelatin film swells during
processing. The swell is monitored during production by determining the shift
in the angle of the Bragg surfaces within the gel. The angle of the rephcating
beam for each element n changed from that of the orrgimd reference beam to


